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Sunsnary

Factors affectinq ●mtttanm growth in
linear-accelerator application requiring high
beam quality and IW in-machine beam lonseg are

●xplored. A generalize methcd ia developed for
matching the average properties of an arbitrary

par’!cle distribution to an accelerator t3truc-
ture in the presence of spa@e-charge and other
perturbations. The ●ffects of the particle dis-
tribution and the accelerator parameters on the
preservation of in~t emittance and other
measures of beam behavior are investigated, to
~tudy optimum performance under carefully
matched conditions, and to Ehw the dqradation

of p?rformanm in the presence of mirmatch,
nteerinq and other ●rrors. The concept of
detaild matchinq invoking desirable correla-

tions is discussed briefly.

Introduction—

Growth In the ●ff~tive ●mittanm of linear-

accelerator beams has been observed in all
operating machines, and has been the subject of
much study. Glueksternl pioneered in the

analytical treatment of K-V distributions. R.

Chamnan2 did numerical simulation ●xperiments
that demonstrated lower limits to output emit-
tance as input ●rrittance was reduced, and that
identified the lmportanm of longitur!inal-
transver9e mupling. P. Lapostolle3 and

coworkers at CERN did numerical and analytical
work with cylindrically ayrmnecric, continuous

beams that demonstrated the presence of violent

growth mode= under certiin parameter com3it10n6,
leading to severe filamentation of phase npace.

Recent work with continuous beams has clar-
ifiwf a number of points. Lanlett, Smith and

floL%ann4~5 have cataloged the characteristics

of parametric oaclllatlons in K-V diatribut~.onfi
and have discunsed unstable modes in terms of
hydrodyr~mic models. Numerical calcula-

tions6~7 agree with the theory ●nfl have
addressed ecrne questions concerning numerical

effects in the cedes.
The qeneral scalability of the prcblem over

the parameter range ia beqinninq to be better
underatced]6~8 Reiaer’a important work In this
area demonstrates that the scaling laws do not
have a single airnple form, but depend on the

conatralnta imposed on the problem by the

designer and on the zero-Inten91ty phaae
●dvancea. In our ●xamplea belw, w have

Work performed under the auspi~a of the U. S.
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dellherately submerged all detailed variables,

and apeak only in terms of phase advances.
These are widelv scalable, and are a very useful
aimplificatlon.

Addinq bunching and acceleration canplicates

the problem aubstantiallv. Lyeenko9 extended
the equilibrium distribution work to 2-D, and is

presentlv @rkino on 3-D. Crandall10 elah-
orat?d on the ●fiect of rf qavs on emittance
qrmth. Another ●xample of the impact of the
constraints on the design problem was shown in

the somewhat surpri9inq result9,11~12 that,
for given current, input emittance is best

preserves by raising the frequena of the
machine. Development of the radio-frcquencv
quadruple ❑tructure13 has required that
attention be paid to the optimum rate of chanqe
from a continuous beam to a bunched, accelerated
beam, to minimize transverse ●mittance grwth.

Comparison of cc+e models to actual machine

performance has alao proqre.vsed, wi;; detailed

analvsis of measurement techniques, and
several ●xamples of exactinq rndeling
otu.Ties15~16,17 that resulted in agreement
with experimental results to a few per cent or

better .
All of this wrk Ienfls confidence to the

further ume of numerical simulation tiels for
more detailed ●xploration of the causes and
s-fec’rs of ●mittance grwth. The PAPJIItA cede
wa L :,sed in the work below; tt is a full 6-D

nimulatlon including nonlinear ●ffects. The
npace charge subroutine usee a ring mdel on an

r-z area-weighted mesh. Five hunflrerl macro-

particle.s were used for all runs.

Generation of Uat:hed Linac

We wanted to generate linacs that would be

=11 matched under various condition and with
arbitrary particle diatrlbutiona, includinq
meaaured ones, ●ventually.18 For our initial
nt,ldiea, we wished ~~ ❑pecify the phase atiances

aiang the linac. First, an arlequate measure is

needed, over ●ach at.ructure period, of the phase

advance, 0, and the ellipse parameters, a and E,
that characterize the nearlv pericdic eyetem.
We find that a least-squares solution in ●ach

plane uning all particles gives values that vork
well for matchinq. The apace-charqe parameter,

u=l- (0/0.)2, alao js available. Uainq the
~eaired particle distribution, w then ~enerate

a Iinac with a given prescription for the phase
advancee, using an iterative, leaat-equares pro-
cefire. The qua~rupole strenqtho are adlurrtefl
to get the proper tranmverae phaae a&#ance; a

mnatant longitudinal phase advance, for exam
pie, requires the quantity E!OT nln @a/@ to
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Pig. 1. Emittance growth after 20 @ells, afl a
functicm of tune shift from various
initial zero-lntenslty phase advance

per tran9verae foru9ing pericd.

remain constant. The procedure converges more
alafly ac the tune ia depreee.ed, but ia quite

●ffective. Starting values are obtained from
the envelope equations.

I?mittance Growth with Hatched Beams

We decided to ●xplore the parameter apace by

selecting a range of zero intensity, tran9verne-
phaae advan~a and depreaaing the tune ui each

by increasing the current in steps. An stated

above, the d-tailed parameter are sulxnerged--

they are in f=t quite ordinary and well within
the scaling range of the proposed Fusion

Materials Irradiatim Teat (~IT) linac to the
Clintom P. Anderson Blemn PhyeIcs ?acilitv

(IAMPP)I ●nd CCRW clasa of machine. Figure 1
shows the growth in the rme emittanma arid in
th- ●ffective ●mittance for 100* of the beam at

the end of 20 cells,* for a net of rune where
the initial tranaverae emittan~ and lchgl-
tudinal beam size are the name. An input

diatributiom a~roximately uniform in r-al apace

?iq. 2. Behavior of matched solutions from
●nvelope ~uation, for fixed emit-

tance, c, or fixed average beam radius,
a. For example, for a qlven raflius and
current, a certain emittance is
required for a matched beam. A fixed

accelerator and na emittance qrwth are
aasumed.

was ue *d. The quads were aet to qive constant
transverse phase ar+vance, CIOt , at zero current:
this resulted in Ct rem~lnin.~ approximately
constant a190. The avnchromus phase was held
conatan?. The accelerating gradient started from
the sam~ value, hut was raised Iinearlv with f,

along with a~justment of the initial enerc!v
~pread to keeD the longitudinal phase advance
nearly constant for ●ach case.

There a~ears to be an underlvinq qrrwth
pattern, plus an anomolous feature3~i1 In the
traneverae growth to which we will return. Much

of this “underlving- grmkh ia attributa’lle to
the inanediate shearing effect of the .:
longitudinal-tranm.?eroe mupling12 and to the

ateac’ily accumulating effect of the series of rf

gaps.]o For ●ach oOt, the current was
increaned unttl It b~ame quite difficult to

find a nolutlm because of the leas of ad~uate
lonq{tudlnal focusing in tn f initial few cells.
For tune depres9ionB, Uk/oo < 0.4, the longi-
tuflinal growth incr~ases rapidlv. For the
Oot= 50” caae, wc ehen raised the ●lectric field

to keep some longitudinal focusing, and raisea
the current tc depress the transverse tune
further, The trarusveree grmrth alao increased
rapidlv for Ut/LTot < 0.4 (cpen circles,
Pig. l). The envelope equations indicate that
for a fixed accelerator and fixed emlttance, a

matchea solution ehould b attainabl? at anv
current by chrmsing the proper beam size, as
indicated in Fiq. 2. The ●mittance and npace

*Tctal ●ffective ●mittance 10 found bv fitttng
●llipses with the rms emlttance ellipse param-
●ters through ●ach particle and takinq the
largebt.
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PiQ. 4. The Y-V’ phaae-apace at Cell 20 for
the ~t/g ~ . 7eo>1000 eaoe. 5000

particle: were computedand plotted.

charqe contribute quadratlcallv to the required
size, ati at o/cro - 0.4 (0.25), the emlttance
term han 0.8 (0.5) the m~ght of the opace
charge term. In those caaes where the tune io
depreoned in the firnt few cells to lean than
0.4, there in
~nh the tune

achieved. We

an hsntiiate grotih that terda to
back up until a balane ie

have rwt yet followed the beam far

3

croeo-correlation prducts at Cell 20
to those at Cell 2 for ot/:Lr =
78°/1000 case.

●nouqh to determjne the asymptotic hehavlor,
althouqh it wulrl in fact he unrealistic to
mustain the ramped accelerating qradient
indefinitely.

We did, hmever, repeat this series of cases
with the acceieratln% fielrl held constant at the
value uceA ahove in the injtial cell. The
resulte are very nimilar to ~ig. 1, ezrcept there
is less longitudinal qrouth (see Fig. 8). This
observation, plus the feet that the longitudinal
grwth in Fig. 1 i~ a ammth curve, indicates
that the arnmalou.s tran~verse growth ..- the
tunes with uOt in the range 100o - 1200 is

●ssentially a transverse phenomenon.
This drastic grmth behavior appears similar

to an un!stable m&le reportefl in Refs. 4-7 for
the R-V distribution. Figure 3 shows the grrwth
in averag~ transverse total ●mittanc.s for the

clt/not = 0.75 tune depression for ●ach ctt
case. Some ●vld-:-e of heat frequencies is

apparent, and Lhe gr~=th rate is ●xtremely
fast. Figure 4 shows a y-v’ scatterplot for
crt/oot = 780/100° at Cell 20, with the four

arms char=terintic of this Instah{lity mcMe.
Figure 5 shows the ratio of average cross-

correlation products at Cell 20 to thoge at
Cell 2, out to fourth order in ●ach axis, If
we compare the size of terms as the tune is

depressed, us find a pronounced ~ak, tn the
vicinity of the instab{litv, in V21, y~, v’x and

a number of the,? !-jr te~s~ earticularlv X’x”,
,2 h

x X,X

,3k

x , n X3 anflx’ x . Other terms 6how
a tstea#y increase (or Imt: ~amp ~n~ peak) ,

●apeciallv y2?r2, y2xb, Y x , v x’, V“X’, X’:x”,

X’”X3. anfl X’”x”. We thinklg that thle mde
mav be In fact the Ravleiqh-Tavlor instahilltv
arisiny frun the alternating-qradient focus!no

ayntem. The x-v nature and the fast growth
muld fit thin hypothesln. Theoretical
development of this approach is in progress.

Figure 6 shows a hintcqram of the phase

advance of particles in the bunch, in the frame
of the least-squares parameters derive4 for the
Cell 17-18 period. The oecend peak indicates
that a group of particles ia persintentlv
rotating at a neparate rate; this qroup appears

to be a result of the “underlvinq” mechanisms
and not of the inutabilitv male. It consists of
particlen originating at transverse ra~ii out to
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0.4 rmax, is uncorrelaterl with particle phaae
at Injection, and ia within the 900 .~re of the
beam in the tranaverae ●mittance proj~tions.

Practical parame er cbima for application~
Jt

comonly renult in 0 “ 0 . We made a

preliminary ❑enrch for reaonan~s of the 20t =
no type. Kee ing Ot - 50°, EO/6 was adjuated

!for conntant o with n frcm 2 to 8. No
differen~ in ●mittan~ grovth waa seen out to
60 cello, which lo beyond the mint to which the

E. ramp could practically be ouatatned. Other

Poagibilitiea should be ntudied.
In another slim of tha parameter space, we

started with the ot/uOt = 51.5°/700 cane,

and, keeping the c~rrent constant, reduced the
in~t tranaveroe emittance by factors of 2 and

4. The tranaverae ●mittan~ growth increased,
and the longitudinal growth d~reased for this

example. Such tranaferm among the projections
● re cormnonly nbaerved, including tranafers
between x-x’ and y-y’ if the initial emittancea
differ or during oecillationa. This indicates

that ratios of emittancea are also imprtant
parameter, and ●ugqesta multidimensional

matching with equal emittance areaa, especially
if the parameter change ●long the machine. We

have found, ho-ver, that full 6-D matching in
not neaaaarily advantaqeoua in all

a~licationn-- another example of the Influence
of designer cons’rainta on the acalinga. We
plan m emlorc other ●eta of parameter typical

c
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Fig. 7. Typica117 variation in rms transverse

●mittance qrowth with input
distribution.
—— — Uniform in 3-D real ❑pace

----- Uniform in 4-D transverse space,
aepnrate 2-D lonqituainal

— — Gau.9sian in real apace, truncated
at 3.:

of various applications in an ●ffort to sort out

mane of the basic relationshlD~.

Influence Of Particle Dietrihutirrn

We reran the TOt -100° case9 for input
diatrlbutlons uniform in 6-D, and Gau9sian In

6-D (truncated at 3c), keepinq the rms emit-

tances constant. The quadruple strenqths wre
those ueed to achieve a consttnt phase advance

for the original distribution, approximately
uniform in real space. The 6-D distr:hutions

grew more rapidlv in the first trm to three
cel19. Frm! Cells 3-20 the growth in total
emittance was very similar, but the rms growth
for the 6-0 cases wa9 about double that of th.

3-D caee. The 6-D caaes became somewhat mis-

matched as the beam progressed through the
ceils. We cmuld reset the quads, ueinq the

above prmedure, for t’qch particular dlstrihu-

tionl we ●xpect that this would rmmth but not
necessarily reduce the grmrth--it mav in fact
{ncreaae (ace below). Similar general
influences of the distribution have also been
observed for other cholcee of parameters,
Figure 7 ❑h-s a tvpical redistribution of ●mit-
tance. We mnclude that the nhape of the r!is-

tributlon does influence ●mittance growth, with
greater ●ffect as the beam brightness is

increaned, and with greater grmth as the cen-

tral denaitv is increased. The unstable rrde
●videnced in Fig. 1 ia not t~e re9ult of a
particular particle distribution.

Influence I-” Matching

Mismatched kams will be smeared bv the
action of nonlinear ❑pace-charge forces and

●ventually wil; ● aaume an emittance conqruent
with the machine acceptance. Figure 8 demcn-

atrates hm emittance grtwth Is affect:d by
mismatching the input beam size up to a factor

of & at injection, for the ranqe of linac
parameter U? have been diacusaing. At a

given UOt, the aenaitivitv to matchinq becur,es
more pronounced aa the tune Ia depleaaefl.

4



Fig. 9. ~ica117 redifitributlon of

transverse ●mittance growth for
mlematched beams.

?iq. 8. Sensitivity of transverse ● mittance
growth tn inp.~t matchinq. :.inac has

mnstant accelerating qr.sdier* Eo.
At ● ncl? tune, the smaller dimension of

the input beam is varied by chanqing
the in~t matching-elliptse paraMeter ~

bv “ /2 and ‘2. The y an~ z inputs are
matched. Growth ie shown after 20
cells.

As ?.t increases, the sensitivity for a given
tune depression increases, an eff~t of the

alternating gradient. The xmaller absolute size
of the beam (IR one dimension) also b~m?s more
im~rtant in terms of the rcquire4 measurement
resolution. For R-V beams, a “mizonatching”
in.stability mu3e has been identified
for 70t > 90°; its analog for these distribu-
tions may b+ a factor here.

In the vlcfnlty of the unetable rrmde, the
behavior becomes mmewhat unpredictable. For
the parameters in Fig. 8, the betatron oscilla-
tions generally aub ected the beam to a lower

iaverage;jt (higher u ) over the 20 cells, aome-
tlmee r?aulting In less growth. The 0t/70t m
70011100 case ia particularly dramatic in

this respect. The changes in transverse ●mit-
tan@? q-ovth frm mizsnatdtlng are generally
rather uniform with reap-t to the shape of the

d16tribution function, aa shown in Pig. 9, or
sometimes Ehw more growth for higher

percentages.

Influence of Off-Axis TrajKtories

For a single gap without ~pace charge,

Crandall10 showed that the increaae in total

●mittanee la proportional to (a2 + d2) if

Idl ‘a, and2ad if Idl >a, where a la the
half-width of the beam ard d ia th~ displacement

of the beam center frm the axle. The increasie
in rms ●mittan~ ia proportional to (1 + d2/~),

where ~ denoteg the rms half-width of the

beam. It la seen that the rma emittan~ grmts

I
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Fig. 10. Senaitivitv of transverse emittance
growth, after 20 cells for 1008 of

beam, to horizontal offsets equal to
the average invut beam radiUB.

Solld -no offset; Dashed - offs?t.

relatively faster than the total ●mlttance. The
grcuth over n gaps will depend on what happens

to the relative sizes of a ant+ d. Figure 10
ahovs tht ●mittance grcuths for (x-offset/

average invut-beam radius) ■ 1.0 for the caaes
of Fig. 1. Again the aensitivitv increases for

larger tune depreaaiona and for higher Cot, with
a dimininh!ng of the unstable tie’s ●ffi.ct.

The longitudinal emittance grcwth alao ie
increased by the tranaverae oscillation. Fiqure

11 ●hews the typical redistribution that occurs
in the tranaverae-phaae apace. Thla feature,

5
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●mittanm grovth for misateered beams.

and the contrasting 91qnature cf the mismatched

beam, Fig. 9, can he valuable aida in mact,ine

tuning for det~ting the presence of a centroifl

06Ci11.StiOn or mirrmatch.

Detailed Match]ng

We have hypothesized9#12 that &tailed

matching procedures, which prepare the Input
distribution In ways more sp=ific than just
matching to the average properties, miqht result
in reduced emittance grwth. This idea finds a

general form in the theorv of equilibrium dis-
tributionsl~9, and also can be ●xpreese~ in
terms of introducing certain desirable corr~-
larions in the particle distribution.20 A

simple ●xample concerns the smearing of the

transverse emittance cauaed bv the finite phase
epread of the hunch, illustrated in Ref. 12. It
w,Jld seem reasonable that a first-order
improvement, which might be practical usinq an

rf focusing system, would reSUlt frOM Jdiustinrl
the transverse foasing deperdlnq on the phase
of the particle. Starting with a Gaussian 6-D
input distribution, truncated at 3gr or with a
3-D uniform distribution, w sorted the
particles into f(ve bins a~ording to their inl-
tlal phase. The aver~ge phase advance a.at-l
ma!ched ellipse parameters for the first two
cells of the not = 700 caaes are cwmputed for
●ach bin. A new in~t distribution was then
prepared in which each particle was matched to

the transverse parameters a~ropriate to the bin
containing ita phage. Over the 20 cells a 5-7*
reducticm in ●mittane growth resulted for both

the transverse and longit~dinal planes. We have
not yet ●xplored other cases, or other recipes.
More general systems which “adiabatically”
introduce the desired correlation are being
ntudied. In particular, the development of the
RFQ lowbeta atruct!)re ti amxmplieh capture,
bunching, and prehcceleration to a complete
embdiment of this concept. We are ~reparing to
do mmbined RPQ/drift-tube-lInac etudies in this
context.

Conclusion

pres~nted. fltwr..JPr, the paramot.ar ~pace is

larqe, .ind u! n~md to ●xpl ore further. For
●xample, we are Interested in how far tho

particular parameters, much as voltaq-s, fie’ds,

frequen~~, and particle tvpt=, can be mnr?cn=e+
into relatively ganeral parameters such .=s pfiasc

advance or tune depression. The mncep~ of

detailed matchir.g arqears wortbv of furthc-

conf3i4eration. A b@tt*r theoretical f~unrlation

u3uld he nmst helpful.
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